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Recap: Support Vector Machines

For a binary classification problem, we have samples
(x®,yM), ., (x, y), xO € RY, y @ € {1, -1}.

We wish to find a hyperplane w’x + b = 0 that has maximum margin, and
correctly classifies the data.
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Recap: Support Vector Machines
The objective function for Support Vector Machines:

min w!lw

w,b

s.t., y D (wix® +b) > 1 Vi,

Quadratic Optimization Problem (QOP): An optimization problem with a
quadratic objective and with linear equality or linear inequality constraints.
Quadratic solvers can solve QOPs (but they are not very efficient).



Overview: Unconstrained Optimization
¢ Objective: min f(z), or max — f(z)
x xX

¢ Unconstrained optimization methods aim to obtain an optimal value p*
by producing a sequence of points z*), k=0,1,..., so that,

fa®) — p*

® Unconstrained optimization methods can also be viewed as iterative
methods that solve for the optimality condition

Vf(z*)=0
® Methods:
e Gradient Descent (z(:+1) = z(®) — v f(z(*))
® Newton’s Descent (z(+1D) = z(k) — 2 f(2(F)=1v f(2(*)
® Nelder-Mead method



Overview: Constrained Optimization

Optimization problem written in terms of an objective function f, inequality
constraints involving g;, and equality constraints involving h;.

Whether an optimal solution can be found depends on the nature of the
functions f, g;, ;.



Linear Constrained Optimization

min f(x)
s.t., gi(x) <0 Vi

Linear Programming - If f is linear, and all g;, h; are linear, then an
optimal solution can be found.

Methods:
® Simplex
. e
¢ Ellipsoid Algorithm

e Karmarkar Algorithm



Convex Constrained Optimization

min f(x)
s.t., gi(z) <0 Vi
hi(z) =0 Vj

Convex Programming - f, g; are convex, h; are affine.

If f is quadratic, then quadratic solvers (inefficient) exist to obtain a
solution.

Can we get an optimal solution? - Check the KKT conditions.

Can we get a better optimization method? - Depending on the problem, we
may be able to (e.g.: PCA).



Optimizing a generalized Lagrangian

min £ (w)
st gi(w) <0, i=1,..,n
hj(w) =0,

The generalized Lagrangian can be formed as,

L(w,a,B) = ) + Z a;gi(w) + Z Bihj(w)
=1



Optimizing from the Lagrangian
If the optimization problem has a convex objective with only equality
constraints,
min f(w)
w
st hj(w)=0, j=1,..,m

The Lagrangian can be formed as,

n m

L(w, B) = f(w) + > Bih;(w)

i=1 j=1

The optimal solution can be found by solving the derivatives of the
Lagrangian set equal to zero.

VwL(w, ) =0, VgL(w, ) = 0.



Optimizing the generalized Lagrangian

min ()
s.t., gi(w) <0,
hj(w) =0,

The generalized Lagrangian can be formed as,
L(w,a, ) = ) + Z a;gi(w) + Z Bihj(w)
j=1

Consider the following two problems:



The Primal Problem

min f(w)
st gi(w)<0,i=1,...,n
hjw)=0, j=1,...m

The generalized Lagrangian can be formed as,

L(w,«a, 5) = )+ Z a;g;(w) + Z Bihi(w)
=1

1. We define the quantity:
Op(w) = max L(w,a,p)

a,B,a;>0

Note that

0 (10) f(w) if w satisfies constraints
w) =
r 00 otherwise



The Primal Problem

min f(w)
st gi(w) <0, i=1,..,n
hi(w)=0, j=1,...m

The generalized Lagrangian can be formed as,

L(w «@ ﬁ Zazgz +Zﬁjh](w
j=1

1. We define the quantity:
Op(w) = max L(w,aq,f)

a,B,a;>0
We construct the following primal problem:

min fp(w) = min rélaXOL(w a, )

)



The Primal and the Dual

The generalized Lagrangian can be formed as,
L(w,a, ) = ) + Z ;g (w) + Z Bihj(w)
j=1

1. We construct the following primal problem:
HBII Op(w) = muin ax L(w, a, )

p* = min Op(w)

2. We also construct the following dual problem:

= L
R, 0l) = s, min L B)
d* = max 6Op(w)

a,B,0;20



The Primal and the Dual

1. We construct the following primal problem:
min fp(w) = min  max L(w,«, )
w w  a,B,0;>0

p* = min Op(w)

2. We also construct the following dual problem:

Jmax Op(w) = max min L(w,a, )
d* = max HD(w)
CV:B#%‘ZO

How are the two problems related?

%lg}i;EO min (w,a, ) < min a,g,liéo (w,a, ) =p



KKT Conditions

How are the two problems related?

d" = a,g,liéo min L(w,a, B) < min a,g,liéo L(w,a,8) =p
KKT Conditions: Let f and g; be convex, and h; are affine. Also, let there
exist some w so that g;(w) < 0 Vi. Then there must exist w*, a*, 8*, so that
w* is the solution to the primal problem, o, 5* are solutions to the dual
problem, and p* = d* = L(w*, a*, 8*). The following KKT conditions must
be satisfied by w*, a*, 5*:

6?UiL(w*,a*, )=0,i=1,....,d
aL(w*a* )=0,i=1,...,m
ga e =
algi(w)=0,i=1,..,n
gi(w*)<0,i=1,...,n
af >0,i=1,..,



KKT Conditions

pax min L(w,,f) <min max L(w,af)=p

KKT Conditions:

0 L(w*,a*, ") =0,i=1,....d
ow;
aL(w*Ol* =0,i=1,...,m
B T ’ T
ajgi(w*)=0,i=1,..,n
gi(w*) <0,:=1,...,n
aj >0, i=1,..

The constraint o} g;(w*) = 0 implies that if o > 0 then g;(w*) = 0.



SVM-Primal
Support Vector Machines Objective:

1
min —WTW
w,b

s.t., yO(wlx® +b) > 1 Vi.

The constraints of the primal can be written as, —y® (w”x® +b) +1 < 0.
An SVM primal objective is formed,

L(w,b,a) = —WW Zaz J(w!x® 4+ b) — 1]

The primal problem can be converted to a dual problem, which provides a
different way to solve the problem.



SVM-Primal
The primal:

Equating the derivatives of the primal wrt w,b to zero,

0 “ ,
%L w,b) =w — Zaly’) =0 = W:Zaiy(z)x(

i=1
%LW b) —O—Zazy == Zaiy(i):



SVM-Primal
1 n
The primal: L(w,b, o) = = Z iy (wTx® 4+ b) — 1]

M

From the derivatives of the primal: w = Z ayDx® Z iy = 0.

Substituting the expression for w in the prlmal we get

L(a):%w W — Zazy wl gl Zaly b—l—Zaz
=1

:% Zn: sy Dy Dxl Z sy Dy KO
i,j=1 i,j=1
- Z aiy(ib + Z Q;
ij=1 ij=1

" 1 & L e

ij=1 ij=1



SVM-Dual

s.t., a; >0Vi Zaiy(i) = 0.

i=1

Recovering w from optimal o*:

i=1

Recovering b from optimal a*:

Then, b* =

by = max w*'x®
Z7yz:_1

bp = min w*'x®
5,y;=1

ba+ bp



KKT Conditions

pax min L(w,,f) <min max L(w,af)=p

KKT Conditions:

1. L L(w*,a*, ") =0,i=1,....d
ow;
2. aL(w*a* )=0,i=1,...,m
Ip; T ’ H
3. afgi(w*)=0,i=1,..,n
4 gi(w*)§0, 1=1,...n
5.af>0,i=1,..,

The constraint o g;(w*) = 0 Vi implies that if af > 0 then g;(w*) = 0.



SVM: KKT Conditions
The primal:

L(w,b,a) = —WW Zal JwTx® +b) — 1]

KKT Conditions:

0
L(w*,b",a") =0, i=1,....d

%

0

_L * *

30 (w*, 0", ") =0

3. afy?(wTx® £+ —1]=0,i=1,.

4. y(i)(w x0 +b)—1§0,z:1,...,n
5. af >0, i=1,.

The constraint o[y (w*Tx® +b) — 1] = 0 Vi 1mphes that if o > 0 then
yD(wTx® 4 b) = 1.




SVM: Support Vectors
The constraint o[y (w*Tx® 4+ b) — 1] = 0 Vi implies that if a} > 0 then
yD(wTx® 4 b) = 1.
Support Vectors: For those data instances x for which
yO(wTx0) 4 b) =1, a > 0.
For all other data instances for which y® (w*'x® 4+ b) > 1, af = 0.
Thus the SVM max-margin hyperplane is defined only in terms of the
support vectors. Recall:
i=1

max; ,,— 1 wx® 4+ min; ., w

2

*TX(i)

b* =




SVM: Support Vectors

The constraint o[y (w*Tx®) 4+ b) — 1] = 0 Vi implies that if a} > 0 then
YO (wTx® 1+ b) = 1.

Support Vectors: For those data instances x for which

yD(wTx0 4 b) =1, aF > 0.

For all other data instances for which y®(w*Tx® +b) > 1, af = 0.

e

ai>0

a; = 0 for all other
* % “. ™ instances




Testing SVM

Any new test data x’ can be assigned to a class by fitting it on the
hyperplane:

=1

T
W*Txl+b _ <Z a* (’L Z)> X/+b

=1

Since o = 0 for all non-support vectors, testing is done only using the
support vectors.



SVM for non-linearly separable data
The SVM dual objective in terms of the dot product between x, x4 Vi, j:
- ] — L o
1,j= 1,j=

n
s.t., a; > 0 Vi, Zaiy(i) = 0.
i=1

Efficient algorithms exist to identify the support vectors that lead to the
solution of the objective (SMO algorithm).

How can the objective be extended for data that is not linearly separable?



Kernels

Even if the data is not linearly separable, it may be possible to transform the
data by projecting it to a higher dimensional space where the data becomes
linearly separable.

For a data set [x1,...,X,],%x; € R%, let ¢(x) € R" h > d be a mapping of the
data instances to a higher dimensional space.
For a specific mapping ¢, the inner product in the higher dimensional space
can be defined in terms of a Kernel function,

K(x;,%x;) = < ¢(xi), p(x;) >



Kernels functions

For a specific mapping ¢, the inner product in the higher dimensional space
can be defined in terms of a kernel function,

K(xi,x;j) = < o(xi), o(x;) >

Instead of explicitly mapping each x; to ¢(x;) and then calculating the inner
product, instead the kernel function can be directly computed on every pair
Xiy X Vl, j
Examples of kernel functions:
e Polynomial kernel: K,(x;,x;) = (x!x; + a)®
[1xi — x|
202

)b

¢ Gaussian kernel: K,(x;,x;) = exp(—



Kernel similarity matrices
A kernel similarity matrix can be defined: K,;; = K(x®, x\)
Kernel matrices are symmetric: K;; = Kj; Vi, j

Kernel matrices are also positive semidefinite:

V2, 2T Kz = Z Zzz
= ZZzz x)Tp(x1)z
= ZZz ;d)k x)n(x7)z
= ; i Z Zi¢k<x(i))¢k(x(j))zj
= ;@ zj@-m(x(i))f >0



Kernel similarity matrices

A kernel function K is a valid kernel if it corresponds to some feature
mapping ¢.

Mercer’s Theorem: Let K : R” x R®" — R" be given. For K to be a valid
kernel, it is necessary and sufficient that for any {x(l), e x(”)}, n < 0o, the
corresponding kernel matrix is symmetric and positive semi-definite.



Kernel similarity matrices

A kernel function K is a valid kernel if it corresponds to some feature
mapping ¢.

Mercer’s Theorem: Let K : R” x R®" — R" be given. For K to be a valid
kernel, it is necessary and sufficient that for any {x(l), e x(”)}, n < 0o, the
corresponding kernel matrix is symmetric and positive semi-definite.

In general any learning problem formulated in terms of an inner product

< X;,X; > can also be expressed in terms of the inner product of the data
mapped to a higher dimensional space < ¢(x;), p(x;) >.



Kernel similarity matrices

A kernel function K is a valid kernel if it corresponds to some feature
mapping ¢.

Mercer’s Theorem: Let K : R” x R®" — R" be given. For K to be a valid
kernel, it is necessary and sufficient that for any {x(l), e x(”)}, n < 0o, the
corresponding kernel matrix is symmetric and positive semi-definite.

In general any learning problem formulated in terms of an inner product

< X;,X; > can also be expressed in terms of the inner product of the data
mapped to a higher dimensional space < ¢(x;), p(x;) >.

To identify non-linearly separable data, the SVM dual objective can then be
expressed as:

" 1 <& L , .
max 3 0 5 3wy < o(x9), 6(x) >

t,j=1 ,j=1

s.t., a; >0 Vi, Zaiy(i) = 0.
i=1



Kernel similarity matrices

To identify non-linearly separable data, the SVM dual objective can be
expressed as:

" 1 <& L , .
max 37 ap = 5 37 gy < 6(x), p(x7) >

ij=1 ij=1
s.t., a; >0 Vi, Zaiy(i) = 0.
i=1
Equivalently, in terms of the kernel function:

n 1 <& L . .
max S - s 3 @y Dy DK (x, x0)

ij=1 ij=1

s.t., a; >0V, Zaiy(i) = 0.
i=1

An optimization method will require O(n?) time to compute all K (x@, x(7)),
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