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Bayes Classifier: General Definition

Let the data be € R%n which a;, 1 =1,...,a ,actions are possible. Each action «; depend on the
classification of x to one of ¢ classes w;j, j = 1,...,c. Aloss function lambda A(c; |w, ), (or, A;;) is
defined to measure the effectiveness of each action «;, given the knowledge that &r was drawn from class
w .

j '

Let us define the Conditional Risk of performing «y; given x as R(a;|z) = Z AMag|w; ) P(w;|z) .

We wish to define a Decision Rule a WhICh minimizes the overall Risk defined as,
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Bayes Classifier: General Definition

Let the data be € R%n which a;, 1 =1,...,a ,actions are possible. Each action «; depend on the
classification of x to one of ¢ classes w;j, j = 1,...,c. Aloss function lambda A(c; |w, ), (or, A;;) is
defined to measure the effectiveness of each action «;, given the knowledge that &r was drawn from class
w .

j '

Let us define the Conditional Risk of performing «y; given x as R(a;|z) = Z AMag|w; ) P(w;|z) .

We wish to define a Decision Rule a(x) which minimizes the overall Risk defined as,

R = /R(oz(a:)\a:)p(m) dx

The Bayes Classifier follows the Bayes Decision Rule: To minimize R, select 04(33) as the action (¢;
. for which R(c;|x) is minimized.

The resulting risk R*is called the Bayes Risk.
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Bayes Classifier: Specific Cases

Case (1): Binary Classification, no data & is observed.

Two classes: w1, Wo
Action «; defined as: Select class w;, 1 = 1, 2.

e
Loss )\Z-j—A(aiwj)—{ T =12,

? Z?
L ,i#y
The Conditional Risks that should be minimized:
R(aa|z) = A p(efwr) P(wi) + Az p(afwz) P(ws)
R(az|z) = A1 p(afwr) P(wi) + Az p(afwz) P(w2)
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Assume constant functions



Bayes Classifier: Specific Cases
Case (1): Binary Classification, no data & is observed.

Two classes: w1, Wo
Action «; defined as: Select class w;, 1 = 1, 2.

e
Loss Aij—A(aiwj)—{ T =12,

? Z?
L ,i#y
The Conditional Risks that should be minimized:
R(aa|z) = A p(efwr) P(wi) + Az p(afwz) P(ws)
R(az|z) = A1 p(afwr) P(wi) + Az p(afwz) P(w2)

Bayes Decision Rule to attain the Bayes Risk R* : Decide class w1 if P(wy) > P(ws),
otherwise decide class W2 .
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Bayes Classifier: Specific Cases
Case (2): Binary Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(z|w1 ), p(z|ws).

Two classes: w1, wWo

Action «; defined as: Select class w;, ¢ = 1, 2.

0 ,1=y . .
Loss )\Z'j_)\(Oéi’LUj)_{ ‘7 i,j=1,2.

1 i)
The Conditional Risks that should be minimized:
R(aa|z) = A p(z|wr) Plwr) + Az p(z|wz) P(ws)
R(az|x) = A1 p(x|wy) Plwi) + A2 p(x|wz) P(ws)



Bayes Classifier: Specific Cases

Case (2): Binary Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(z|w1 ), p(z|ws).
Two classes: w1, wWo

Action av; defined as: Select class w;, © = 1, 2.

0 ,1=73 . .
Loss )\Z'j_)\(Oéi’l,Uj)_{ ‘7 i, =1,2.

1 ,i#j
The Conditional Risks that should be minimized:
R(ai|z) = A1 p(z|wr) P(wr) + A2 p(z|wsz) P(ws)
R(az|z) = Ao1 p(x|wr) P(wi) + Aoz p(z|ws) P(w2)
Bayes Decision Rule to attain the Bayes Risk R* :
Decide class W1 if p(x|wi) P(w1) > p(x|ws) P(ws),
otherwise decide class W9 .
OR. - | .
Bayes Decision Rule to attain the Bayes Risk R™:
Decide class w1 if P(w|x) > P(ws|x),
otherwise decide class w» .



Bayes Classifier: Specific Cases

Case (2): Binary Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(x|w1) , p(x|w2).

Two classes: w1, wWo Probability of misclassification (general definition):
. - ‘ +oo +o0
Action &; defined as: Select class w;, © = 1, 2. P(error) = / Perror, z)dz = / Plerror|a)p(z)da

0 1=
’ j 1,7 = 1,2 |For the Bayes Decision Rule below:

1 ,i#] . P(error|r) = min{ P(w |x), P(w2|z)}

Loss \ij = AMaoy|w;) = {

The Conditional Risks that should be minimized:
R(aa|z) = A p(z|wr) Plwr) + Az p(z|wz) P(ws)
R(az|x) = A1 p(x|wy) Plwi) + A2 p(x|wz) P(ws)

Decide class W1 if p(x|wi) P(w1) > p(x|ws) P(ws),
| otherwise decide class Ws . |
O/RE_ ]
. Bayes Decision Rule to attain the Bayes Risk R*: :
| Decide class w1 if P(wq|x) > P(ws|z),

otherwise decide class w» .
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Bayes Classifier: Specific Cases

Case (3): c-class Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(x|w;), 7 =1,...,c

¢ number of classes: w1, ..., We

Action ¢; defined as: Select class W;

0 i—j
Loss: \;; = {1 Z?éj 1,7=1,...,c
» V7]

The Conditional Risks that should be minimized:

R(a;|x) = Z Nij P(w;lz) = ZP(wJ\Jc) =1— P(w;|z)

J7#1



Bayes Classifier: Specific Cases

Case (3): c-class Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(x|w;), 7 =1,...,c

¢ number of classes: w1, ..., We

Action ¢; defined as: Select class W;

0 i—j
Loss: \;; = {1 Z?éj 1,7=1,...,c
» V7]

The Conditional Risks that should be minimized:
R(a;|x) = Z Nij P(w;lz) = Z P(wj|z) =1 — P(w;|x)
J#i
Bayes Decision Rule to attain the Bayes Risk R* :

Decide class w; where P(w;|z) > P(wj|x) Vj # 1.
OR,
Decide class W; where p(z|w;) P(w;) > p(x|w,) P(w;) Yj # i .



Bayes Classifier: Specific Cases

Case (3): c-class Classification, data & is observed and follows class-conditional distributions given by
the density functions: p(x|w;), 7 =1,...,c

¢ number of classes: w1, ..., W Probability of misclassification (general definition):
. . . . —+ o0 “+ oo
Action «; defined as: Select class W; Perror) = f P(error, z)dx = / P(error|z)p(z)dz
0 ,1=J . . o -
Loss: )\ij = , 1,7 =1,...,c For the Bayes Decision Rule below:
1 5 L 7é J P(error|z) =1 — P(w;|z), where P(w;|z) > P(w;|z)Vj # i

The Conditional Risks that should be minimized:
R(a;|x) = ZAUP wj|z) = ZP wjlz) =1 — P(w;|x)
J71

Bayes Decision Rule to attain the Bayes Risk R* :
Decide class w; where P(w;|z) > P(wj|x) Vj # 1.



Gaussian Distributions

o | . 1 (z — p)?
Univariate Gaussian Density: p(z) = eXp § — 5
2To 20

The distribution is completely specific by the parameters ptand o, where
+00

the expected value of T is [t = / xp(x)dxr  and

+o0
the expected squared deviation of & from f1is 02 = / (x — )

— 00

— OO0

p(x)
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*Image Source: Duda Hart Stork - Pattern Classification



Gaussian Distributions

Multivariate Gaussian Density:

1 1 Tx—1
px) = e e d —5 - TE - )|

Here x, 1 € R?, ¥ € RY%? is symmetric and positive semi-definite.
X2
|

:‘X]

*Image Source: Duda Hart Stork - Pattern Classification



Gaussian Distributions

Multivariate Gaussian Density:

1 1 Tx—1
px) = e e d —5 - TE - )|

Here x, 1 € R?, ¥ € RY%? is symmetric and positive semi-definite.
X2
|

:‘X]

Loci of points of constant density: (x — ,u)TZ_l(x — 1)

*Image Source: Duda Hart Stork - Pattern Classification



Gaussian Distributions

Multivariate Gaussian Density:
1

p(X) — (27T)d/2

e exp{ —%(X — ) BT (x — u)}

Here x, 1 € R?, ¥ € RY%? is symmetric and positive semi-definite.

Euclidean distance:
o1 — pl|? < |lz2 — pl|?

Mahalanobis distance:

A% (1, p) = A% (z9, 1)

Mahalanobis Distance: A2 =

:‘X]

*Image Source: Duda Hart Stork - Pattern Classification



Binary Classification with Gaussian class-conditional densities

Recall the Bayes Decision Rule to attain the Bayes Risk R™*:
Decide class W1 if p(x|wi) P(w1) > p(x|ws) P(ws),
otherwise decide class w9 .

Writing in terms of a discriminant function g(x) = ¢1(x) — ga2(x) ,
where g;(x) = p(x|w;) P(w;) .
Decide class w1 if g(x) > 0 , otherwise decide class w> .

If p(x|wi) ~ N(p, %) , then



Binary Classification with Gaussian class-conditional densities

Recall the Bayes Decision Rule to attain the Bayes Risk R™*:
Decide class W1 if p(x|wi) P(w1) > p(x|ws) P(ws),
otherwise decide class w9 .

Writing in terms of a discriminant function g(x) = ¢1(x) — ga2(x) ,
where g;(x) = p(x|w;) P(w;) .
Decide class w1 if g(x) > 0 , otherwise decide class w> .

If p(x|w;) ~ N(p, %q) , then
1

gi(x) = —5(x - i) S (x = )

d

1
— 5 In2m — = In 3] + In P(w;)



Binary Classification with Gaussian class-conditional densities

Recall the Bayes Decision Rule to attain the Bayes Risk R™*:
Decide class W1 if p(x|wi) P(w1) > p(x|ws) P(ws),
otherwise decide class w9 .

Writing in terms of a discriminant function g(x) = ¢1(x) — ga2(x) ,
where g;(x) = p(x|w;) P(w;) .
Decide class w1 if g(x) > 0 , otherwise decide class w> .

If p(x|wi) ~ N(p, %) , then

1 d 1
gi(x) = —§(x — )T (x — ) — > In 21 — 5 In [3;] 4+ In P(w;)
Case (1): Case (2): Case (3):
Y, = o2l 5 D.; isan arbitrary
symmetric psd matrix




Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B (x = ) — 5

Case (1): Y. = ¢2]

1
In2m — §ln\2¢\ + In P(w;)



Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B (x = ) — 5

Case (1): Y. = ¢2]

1
h12ﬂ'—-§lnﬂ§h\%—hlfwﬂh)

The discriminant function reduces to:

2
X — W,

202

+ In P(wi)



Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B (x = ) — 5

Case (1): Y. = ¢2]

1
In2m — §ln\2¢\ + In P(w;)

The discriminant function reduces to:
|2

. [x — p;
g@(x) T 20_2

+ In P(wi)
Expanding the norm:
1
gi(x) = =55 [X'x = 2pix + pip] +In Plw;)
Equivalently, this can be written as,
9i(X) = W;X 4+ w;p,  where,

1 -1
— . wio = —s i ; +1n Pw;).
Wi = —5H , and, 0= 5 g HiM (wi)



Binary Classification with Gaussian class-conditional densities

gi(x) =

Case (1): X, = o]

p(x|o;) & -
0.4t

d 1
(x — p) 2 (x — pg) — > In 27 — 5 In |%;| + In P(w;)

9i(X) = Wix +wjo,  where,

wio =

1 .and,

77777
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Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B (x = ) — 5

Case (1): Y. = ¢2]
Considering g(x) = g1(x) — g2(x) , the decision boundary: w'(x — xg) = 0

1
In2m — §ln\2i\ + In P(w;)

B 1 o2 P(w;)
where, W =, —f; and, xo= 5(% + 1)

— In
e _ﬂ'jHZ P(w;)

(ke _’J’j)*

\
F RN E P(0,)=.5

R
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Binary Classification with Gaussian class-conditional densities

1 d 1
gi(x) = —§(X — ) Te (x — ) — > In 27 — 5 In |%;| +1In P(w;)
Py
Case (1): > = o] P(iol) . (ng‘)
Considering g(x) = g1(x) — g2(x) , the decision boundary: w'(x —x¢) =0 1)7511)(202 o
1 o? P(w;) )
where, W = l; — , and, = —(pu; +p;) — 1 = ).
f' X0 = Ut ) S Py )

L \
0.15 F iqq 33
0 RN
\ \
\
0. E RN E P(®,)=.5
2 N \ N
0. \ \
N RN
1 TR
R
0 ‘%%
X
_1 i
P(w|)=~5 le §
_2 4 %
=2
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Binary Classification with Gaussian class-conditional densities

i) = 5 (¢ — ) 5 0 ) —

1
> ln27r—§ln\2¢\+lnp(’wi)
Case (2): X; = X

1
gi(X) isreduced to Qi(X) = _§(X — Mi)tz_l(x — H@') + In P(Wi)

If all priors are equal, ¢;(x) = — §A2 . Therefore assign X to the class to which the

Mahalanobis distance is minimum.

Expanding (x — ;)" 371 (x — ;) , we get gi(X) = WX + wy,

- 1
where, w; = X', and, wi = —i,u,gz_l,ui + In P(w;).

The decision boundary between two classes:  w'(x — x() = 0,
where, w = 27" (p; — ;) . and,
I In [P(w;)/P(w;)]

Xo = o (i + 1) — .
2 2 (”’i_”’j)tz 1(’-"2'_’-”3'

)(ug — ;).



Binary Classification with Gaussian class-conditional densities
1 N d
9i(x) = —§(X — ) B (x = ) — By
Case (2): X; = X
The decision boundary between two classes: w'(x — xq) = 0,
In [P(w;)/P(w;)]
pi — )P S (g — py)

1
In2m — §ln\2i\ + In P(w;)

1
where, w = X (p, — p,j) ,and, xo = 5(% + ;) — ( (b; — ).

*Image Sources: Duda Hart Stork - Pattern Classification



Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B () — 5

Case (3): DJ; is an arbitrary symmetric psd matrix

1
In2m — §ln\2i\ + In P(w;)

gi(X) isreducedto ¢;(x) = x'W;x + wix + wjo,

1 1
where, W, = %2;1, and, w; =X 'p, ,and, w; = —Qufﬁi‘lui — o [Zif +In Plws).
p(x|w;)
0.4}

R, R, R,
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Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B () — 5

Case (3): DJ; is an arbitrary symmetric psd matrix

1
In2m — §ln\2i\ + In P(w;)

gi(X) isreducedto ¢;(x) = x'W;x + wix + wjo,

1 1
where, W, = %2.—1 and, w; =X 'y, ,and, wio=—-piS ;- oln 3] +In Plwi).

2
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Binary Classification with Gaussian class-conditional densities
1 d

9i(x) = —§(X — ) B (x = ) — 5

Case (3): Zi is an arbitrary symmetric psd matrix

1
In2m — §ln\2i\ + In P(w;)

gi(X) isreducedto ¢;(x) = x'W;x + wix + wjo,

1 1
and, w; =3 'y, ,and, wi=—-piSp, - S0 3]+ In P(w),

where, W, = _12.—1,
2 7 2

02
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Discriminative vs. Generative Models
Bayes Decision Rule to attain the Bayes Risk 2*:

Decide class w; where Decide class W; where
P(wi|z) > P(wj|z) Vj # 1 p(x|w;) P(w;) > p(xlw;) P(w;) Vj #

Cl.a.ssify based on
nd.ltlonal densitieg
and prior Probabilitieg

CIaSS-CO




Discriminative vs. Generative Models
Bayes Decision Rule to attain the Bayes Risk 2*:

Decide class w; where Decide class W; where
P(wi|z) > P(wj|z) Vj # 1 p(x|w;) P(w;) > p(xlw;) P(w;) Vj #

Cl.a.ssify based on
nd.ltlonal densitieg
and prior Probabilitieg

CIaSS-CO

What if all distributions are unknown?




Discriminative vs. Generative Models
Bayes Decision Rule to attain the Bayes Risk 2*:

Decide class w; where Decide class W; where
P(wi|z) > P(wj|z) Vj # 1 p(x|w;) P(w;) > p(xlw;) P(w;) Vj #

EStimate
densitieg
babilitieg

(1) class-conditional
and (ii) prior pro




Discriminative vs. Generative Models

Bayes Decision Rule to attain the Bayes Risk 2*:

Decide class w; where
P(w;|x) > P(wj|x) V5 #1

Estimate posterior probabilities

Discriminative Methods:

* Logistic Regression

* k-Nearest Neighbours

* Multi-Layered Perceptrons
e Support Vector Machines

e Random Forests

Decide class W; where
p(z|w;) P(w;) > p(z|w;) P(w;) Vj # 1

Estimate (i) class-conditional densities and
(i) prior probabilities

Generative Methods:
* Naive Bayes Classifier
 Hidden Markov Models
* Variational Autoencoders
* Generative Adversarial Networks




